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a b s t r a c t
In this work, dissipativity of Lur’e distributed parameter control systems has been
addressed. Delay-dependent sufficient conditions for the dissipativity with respect to the
infinite-dimensional version of energy supply rate (Q1, S1, R1) characterized exclusively
by unbounded operator Q1 are established in terms of linear operator inequalities (LOIs).
Finally, the heat equation illustrates our result.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Dissipativity problem, which was initiated in [1], has been extensively investigated by many authors [2,3] and the
references therein. Problem of reliable dissipative control for a class of stochastic hybrid systems has been dealt with in [2]
by employing the linear matrix inequality (LMI) approach. Furthermore, dissipativity theory for switched systems has been
established in [3] using multiple storage functions and multiple supply rates. So far, however, dissipativity results are only
available for systems governed by ordinary differential equations (ODEs) rather than by partial differential equations (PDEs).
Motivated by the fact that distributed parameter systems described by PDEs are more in general, there is a realistic need to
discuss the dissipativity problemof such systems. Very recently, a linear operator inequality (LOI) approach [4] provides new
insights into the control theory of distributed parameter systems. In this paper, dissipativity problem of Lur’e distributed
parameter control systems will be presented for which delay-dependent sufficient conditions for the dissipativity are
established in terms of linear operator inequalities (LOIs).
2. Preliminaries
Consider the Lur’e nonlinear time-delay control systems in Hilbert spaces H and U described by
Σ0 :

x˙(t) = Ax(t)+ Bx(t − h)+ Cw(t)+ Du(t)
z(t) = Mx(t)
w(t) = −ϕ(t, z(t))
x(θ) = φ(θ), for ∀θ ∈ [−h, 0]
(1)
where x(t) ∈ H is the state, z(t) ∈ H is the controlled output, w(t), u(t) ∈ U are the control inputs, h denotes positive
constant delay, φ ∈ C([−h, 0],H) is the given initial state, and ϕ(t, z(t)) : R × H → H is an abstract nonlinear function
satisfying the following sector condition:
⟨ϕ(t, z(t))− K1z(t), ϕ(t, z(t))− K2z(t)⟩ ≤ 0. (2)
∗ Corresponding author.
E-mail addresses: jzlunboda@yeah.net (S. Lun), taizhixin01@163.com (Z. Tai).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.09.003
S. Lun, Z. Tai / Applied Mathematics Letters 25 (2012) 682–686 683
Without loss of generality, it is assumed that
(i) Operator A generates a C0-semigroup T (t), t ≥ 0.
(ii) Operators B, C,D andM are all linear and bounded.
(iii) Operators K1 and K2 are linear and may be unbounded.
In what follows, we will extend the well-known energy supply rate (Q1, S1, R1) [5] to the infinite-dimensional case:
ω(u(t), z(t)) := ⟨z(t),Q1z(t)⟩ + 2 ⟨z(t), S1u(t)⟩ + ⟨u(t), R1u(t)⟩ (3)
where ⟨·, ·⟩ denotes the inner product in Hilbert spaces and assumptions are made as follows.
(i) Operator Q1 is negative semi-definite and may be unbounded, which characterizes exclusively the infinite-dimensional
version of energy supply rate.
(ii) Linear operator R1 is positive definite and bounded.
Subsequently, we will have a position to define the infinite-dimensional version of dissipativity in the sector [K1, K2].
Definition 2.1. System (1) is said to be dissipative in the sector [K1, K2] with respect to energy supply rate ω(u(t), z(t))
defined in (3), if there exists a positive semi-definite function S(x) such that for every control input u and all τ ≥ 0,
S(x(τ ))− S(x(0)) ≤
 τ
0
ω(u(t), z(t))dt (4)
where function S(x) is called a storage function.
Lemma 2.1 (Wirtinger’s Inequality [4]). Let z ∈ W 1,2([a, b],R) be a scalar function with z(a) = z(b) = 0. Then b
a
z2(ξ)dξ ≤ (b− a)
2
π2
 b
a

dz(ξ)
dξ
2
dξ .
3. Dissipativity in a Hilbert space
In this section, the delay-dependent condition is presented in terms of linear operator inequalities (LOIs) under which
systemΣ0 is demonstrated to be dissipative in the sector [K1, K2] in Hilbert spaces.
In the case when the nonlinear function ϕ(t, z(t)) belongs to the sector [0, K ], i.e.,
⟨ϕ(t, z(t)), ϕ(t, z(t))− Kz(t)⟩ ≤ 0, (5)
the following result is given as follows.
Theorem 3.1. Given a positive constant delay h > 0, let there exist a positive constant ε > 0, a linear positive definite operator
P : D(A)→ H and nonnegative definite operators Q ∈ L(H) and S ∈ L(H) such that the LOI
Ξ :=

Q − S −M∗Q1M + P∗2A+ A∗P2 P − P∗2 + A∗P3 S + P∗2B P∗2C − εM∗K ∗ P∗2D−M∗S1
∗ h2S − P∗3 − P3 P∗3B P∗3C P∗3D∗ ∗ −Q − S 0 0
∗ ∗ ∗ −2εI 0
∗ ∗ ∗ ∗ −R1
 < 0 (6)
holds in the Hilbert spaceD(A)×D(A)×D(A)×D(A). Then systemΣ0 is dissipative in the sector [0, K ] with respect to the
energy supply rate ω(u(t), z(t)) defined in (3).
Proof. Choose the following positive semi-definite Lyapunov–Krasovskii functional in Hilbert spaces:
V = ⟨x(t), Px(t)⟩ +
 t
t−h
⟨x(s),Qx(s)⟩ ds+ h
 0
−h
 t
t+β
⟨x˙(s), Sx˙(s)⟩ dsdβ. (7)
Differentiating V taken in (7) for system (1) yields
V˙ − ω(u(t), z(t)) = ⟨x˙(t), Px(t)⟩ + ⟨x(t), Px˙(t)⟩ + ⟨x(t),Qx(t)⟩ − ⟨x(t − h),Qx(t − h)⟩ + h2 ⟨x˙(t), Sx˙(t)⟩
− ⟨(x(t)− x(t − h)), S(x(t)− x(t − h))⟩ − ω(u(t), z(t)). (8)
On the other hand, it follows from the definition of system (1) that
2

x(t), P∗2 [Ax(t)+ Bx(t − h)+ Cw(t)+ Du(t)− x˙(t)]
 = 0 (9)
2

x˙(t), P∗3 [Ax(t)+ Bx(t − h)+ Cw(t)+ Du(t)− x˙(t)]
 = 0 (10)
where P2 and P3 are linear bounded operators.
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Utilizing the descriptor method [6] where the left-hand sides of expressions (9) and (10) are added into the right-hand
side of (8), simple computation can show that
V˙ − ω(u(t), z(t)) = ⟨ηd(t),Θηd(t)⟩ (11)
where ηd(t) := col{x(t), x˙(t), x(t − h), w(t), u(t)}.
In view of LOI (6), the inequality ⟨ηd(t),Ξηd(t)⟩ < 0, i.e.,
⟨ηd(t),Θηd(t)⟩ − 2ε ⟨w(t), w(t)⟩ − 2ε ⟨w(t), KMx(t)⟩ < 0
holds for ∀ηd(t) ≠ 0, which implies that the inequality ⟨ηd(t),Θηd(t)⟩ < 0 holds for ∀0 ≠ ηd(t) satisfying (5), and hence
from equality (11), along the solution trajectories ofΣ0, we have that
V˙ ≤ ω(u(t), z(t)). (12)
Integrating both sides of (12) from 0 to τ , we can obtain that
V (x(τ ))− V (x(0)) ≤
 τ
0
ω(u(t), z(t))dt. (13)
Thus, from the definition of infinite-dimensional version of dissipativity (i.e. Definition 2.1), system (1) is dissipative in the
sector [0, K ]with respect to energy supply rate ω(u(t), z(t)) defined in (3). This completes the proof. 
Under more general circumstances that the nonlinear function ϕ(t, z(t)) satisfies the sector condition (2), using the loop
transformation technique [7], it comes to conclusion that the dissipativity of systemΣ0 in the sector [K1, K2] is equivalent
to that of the following system:
Σ1 :
x˙(t) = (A− CK1M)x(t)+ Bx(t − h)+ Cw˜(t)+ Du(t)
z(t) = Mx(t)
w˜(t) = −ϕ˜(t, z(t))
(14)
in the sector [0, K2 − K1], where abstract nonlinear function ϕ˜(t, z(t)) satisfies
⟨ϕ˜(t, z(t)), ϕ˜(t, z(t))− (K2 − K1)z(t)⟩ ≤ 0. (15)
Applying Theorem 3.1 to system (14) and (15) yields immediately our main result as follows.
Theorem 3.2. Given a positive constant delay h > 0, let there exist a positive constant ε > 0, a linear positive definite operator
P : D(A)→ H and nonnegative definite operators Q ∈ L(H) and S ∈ L(H) such that the LOI
Q − S −M∗Q1M + P∗2 (A− CK1M)+ (A− CK1M)∗P2 P − P∗2 + (A− CK1M)∗P3 S + P∗2 B P∗2 C − εM∗(K2 − K1)∗ P∗2D−M∗S1
h2S − P∗3 − P3 P∗3 B P∗3 C P∗3D
∗ −Q − S 0 0
∗ ∗ −2εI 0
∗ ∗ ∗ −R1
 < 0 (16)
holds in the Hilbert spaceD(A)×D(A)×D(A)×D(A)×D(A). Then systemΣ0 is dissipative in the sector [K1, K2]with respect
to the energy supply rate ω(u(t), z(t)) defined in (3).
4. Application to heat equation
Consider the heat equation
zt(ξ , t) = a∇2z(ξ , t)− a0z(ξ , t)− a1z(ξ , t − h)+ b1w(ξ, t)+ d1u(ξ , t) (17)
with Dirichlet boundary condition
z(0, t) = z(π, t) = 0 (18)
where ∇2 denotes Laplace operator, i.e., ∇2 := ∂2
∂ξ2
, constant parameter a > 0 and ξ ∈ [0, π], t ≥ 0.
The boundary-value problem (17) and (18) can be rewritten as Eq. (1) in a Hilbert space
H =

z ∈ W 2,2 ((0, π),R) s.t. boundary condition (18)

with the state x(t) := z(ξ , t) and control u(t) := u(ξ , t) and with operators A = a∇2 − a0, B = −a1, C = b1,D = d1,M =
m,Q1 = ∇2, R1 = r1 ≥ 0, S1 = s1, K1 = k¯11 ∂∂ξ + k¯12, K2 = k¯11 ∂∂ξ + k¯22.
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Theorem 4.1. Given the scalars h > 0, a > 0, a0, a1, b1, d1,m, r1 ≥ 0, s1, k¯12 and k¯22, let there exist scalars ε > 0, p1 >
0, p2 > 0, p3 > 0, q ≥ 0 and s ≥ 0 such that the following LMIs hold:
2p2a−m2 > 0 (19)
Ξ11 Ξ12 s− p2a1 p2b1 − εm(k¯22 − k¯12) p2d1 −ms1
∗ h2s− 2p3 −p3a1 p3b1 p3d1
∗ ∗ −q− s 0 0
∗ ∗ ∗ −2ε 0
∗ ∗ ∗ ∗ −r1
 < 0 (20)
where
Ξ11 := q− s− (2p2a−m2)− 2p2(a0 + b1k¯12m)
Ξ12 := −p2 − (a0 + a+ b1k¯12m)p3 + p1.
Then boundary-value problem (17) and (18) is dissipative in the sector [K1, K2] with respect to the energy supply rate
ω(u(t), z(t)) defined in (3) where Q1 = ∇2, R1 = r1 and S1 = s1.
Proof. In the case of heat equation (17), consider the Lyapunov–Krasovskii functional V taken in (7) where
P =

−a∇2 − a− b1k¯11m ∂
∂ξ

p3 + p1, Q = q ≥ 0, S = s ≥ 0. (21)
The proof is given in the following steps.
Step 1. Integrating by parts and utilizing the Wirtinger’s inequality given in Lemma 2.1, direct computation can obtain
that
⟨x(t), Px(t)⟩ =

x(t),

−a∇2 − a− b1k¯11m ∂
∂ξ

p3 + p1

x(t)

≥ p1
 π
0
z2dξ > 0 for ∀x ≠ 0. (22)
Step 2. From inequality (19) and the Wirtinger’s inequality given in Lemma 2.1, it follows that
x(t), (−M∗Q1M + P∗2 (A− CK1M)+ (A− CK1M)∗P2)x(t)

= x(t), (2p2a−m2)∇2 − 2p2(a0 + b1k¯12m) x(t)
≤ x(t), −(2p2a−m2)− 2p2(a0 + b1k¯12m) x(t) . (23)
Step 3. In view of operator P given in (21), we have that
x(t), (P − P∗2 + (A− CK1M)∗P3)x˙(t)
 = x(t), −p2 − (a0 + a+ b1k¯12m)p3 + p1 x˙(t) . (24)
From the above analysis, it follows that if LMIs (19) and (20) hold, then LOI (16) is satisfied, and hence by Theorem 3.2,
the proof is completed. 
Remark 4.1. Utilizing Theorem 4.1 to the heat equation (17) with coefficients a = 2.5, a0 = 0.14, a1 = −0.12, b1 =
1.2, d1 = −0.2,m = 2, k¯12 = 0.2 and k¯22 = 0.9 yields that system (17) and (18) is dissipative with respect to the energy
supply rate ω(u(t), z(t)) defined in (3) where Q1 = ∇2, S1 = −0.1586 and R1 = 3.7526 and with delay h = 50 in the
sector [K1, K2]where operators K1 = k¯11 ∂∂ξ + k¯12 and K2 = k¯11 ∂∂ξ + k¯22 (where k¯11 is arbitrary real number).
5. Conclusions
The present work has addressed the dissipativity problem of Lur’e distributed parameter control systems for which
delay-dependent sufficient conditions with respect to the infinite-dimensional version of energy supply rate (Q1, S1, R1)
characterized exclusively by unbounded operator Q1 are established in terms of linear operator inequalities (LOIs). Finally,
the heat equation is given to illustrate our result.
Acknowledgment
This work is partially supported by the National Natural Science Foundation of PR China under grant contract 60974071.
References
[1] J.C. Willems, Dissipative dynamical system-part 1: general theory, Archive for Rational Mechanics and Analysis 45 (1972) 321–351.
[2] H. Zhang, et al., Reliable dissipative control for stochastic impulsive systems, Automatica 44 (2008) 1004–1010.
686 S. Lun, Z. Tai / Applied Mathematics Letters 25 (2012) 682–686
[3] J. Zhao, D.J. Hill, Dissipativity theory for switched systems, IEEE Transactions on Automatic Control 53 (2008) 941–953.
[4] E. Fridman, Y. Orlov, Exponential stability of linear distributed parameter systems with time-varying delays, Automatica 45 (2009) 194–201.
[5] D.J. Hill, P.J. Moylan, Dissipative dynamical systems: basic input–output and state properties, Journal of the Franklin Institute 309 (1980) 327–357.
[6] E. Fridman, New Lyapunov–Krasovskii functionals for stability of linear retarded and neutral type systems, Systems and Control Letters 43 (2001)
309–319.
[7] H.K. Khalil, Nonlinear Systems, Prentice Hall, Upper Saddle River, NJ, 1996.
